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Abstract--Robustness and measurability of a set and of a function are the foundation of the integral 
approach to global minimization. However, a robust function may be discontinuous and nonmeasur- 
able. In this paper, we show that the set of points of discontinuity of a robust function has empty 
interior and is of the first category. A robust function on the interval [0,1] is constructed such that 
the Lebesgue measure of its set of points of discontinuity approaches 1. We also show that there is 
a robust set on [0,1] which is Lebesgue nonmeasurable, and then a Lebesgue nonmeasurable robust 
function is constructed. 
1. INTRODUCTION 
During a period at the end of the last century and in early 1900's, Baire [1], Borel [2], Lebesgue [3] 
and other scholars investigated iscontinuities of a function on ~1. The motivation of such 
studies was from the real analysis itself. With the development of the integral approach to global 
minimization, the study of different ypes of discontinuity becomes fundamentM as concerns the 
applicability of the integral methods. 
Let X be a topological space, D a subset of X and f : X ~ ~1 a real-valued function on X. 
Consider the following minimization problem: 
c* = inf f (z ) .  (1) 
zED 
I f  f is measurable (with respect o a given Q-measure space) and robust on a robust set D, 
then one can use the integral method of global minimization to characterize the optimality and 
to find the set of robust global minimizers (see [3-9]). Here, the measurability and robustness of 
a set and of a function play an important role in the integral global minimization, providing the 
foundation of this approach. 
We have comprehensive knowledge about measurable sets and functions. However, the study 
of robust sets and functions has just started. A measurable set, usually, is nonrobust; neither 
is a measurable function. It is natural to ask if a robust set or a robust function is measurable. 
A robust function may be discontinuous; but what about the structure of the set of points of 
discontinuity of a robust function? 
After recalling basic definitions and properties Of robust sets and functions in Section 2, we 
present a further study of robust sets and functions. In Section 3, the classification of disconti- 
nuities of a bi-robust function defined on a topological space is explored, which generalizes the 
concept of discontinuities of the first kind and second kind of a function defined on the real 
line I~ 1. This can be made by using singularity of points of a robust set. In Section 4, we prove 
that the interior of the set Dr of points of discontinuity of a robust function is empty; it follows 
that Dr is of the first category, and the set of points of continuity is of the second category. 
However, the measure of Dr may not be small. In Section 5, we first construct an example on the 
interval [0,1] that the Lebesgue measure of Dr approaches 1. Then, an example of a Lebesgue 
nonmeasurable robust set on [0,1] is constructed. This allows us to prove that there is a robust 
function on [0,1] which is Lebesgue nonmeasurable. 
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2. ROBUST SETS AND FUNCTIONS 
Let X be a topological space, D a subspace of X. If 
cl D = cl int D, (2) 
then D is called robust set in X; here int D denotes the interior of D and cl D the closure of D. 
An open set in X, including X itself and the empty set 0, is robust. A closed set nmy be robust 
or nonrobust. A union of robust sets is robust. However, an intersection of two robust sets may 
be nonrobust; the intersection of a robust set and an open set is robust. The interior of a robust 
set is nonempty. 
Note that the concept of robustness is closely related to the kind of topology endowed with X. 
For example, the set 
UM = (u(t) [ [u(t)[ _< M, u E L2[0, 1]} (3) 
is nonrobust in L2[0, 1] since int UM = 0. However, UM is robust with respect to relative topology 
on it, see [10,11]. 
A point z E cl D is said to be a robust point to D if, for each neighborhood N(z) of z, 
N(z)  N int D # ~. (4) 
If, moreover, z E D, then z is said to be a robust point of D. 
We can use a sequenciai terminology to characterize a robust point in a metric space. 
PROPOSITION 2.1. Let (X ,d)  be a metric space and D a subset of X .  A point z is robust to D 
i f  and only i f  tbere is a sequence (z~ } C int D such that z t  --~ z as k ~ oo. 
A set D is robust f fand only breach point o lD  is a robust point o lD .  
Now, let D be a nonempty robust set in a topological space. Then int D ~ 0. An open set in 
a topological space can be decomposed into a union of disjoint connected open sets: 
int D = U Ga, 
aEA 
where Ga, a E A are connected open sets and Ga, N Go# = 0, Va~ ~ aj (here, indices i , j  axe used 
to distinguish between different a's and they do not mean that the union is finite or countable). 
With this decomposition, we can clmmify robustness of points as follows. 
DEFINITION 2.1. A point z is said to be regularly robust to a set D in a topological space X 
i f  z is robust to D and there are a neighborhood N(z),  an integer n, and indices a l , . . . ,  ctn in A, 
such that 
N(z)  nGo = e, Va # a l , . . . ,an .  (5) 
A point z is said to be singularly robust to D, if it is robust to D and not regularly robust to 
it. That is, i f  z is singularly robust to D, then each neighborhood N(z)  of  z has nonempty 
intersection with infinitely many connected components of int D. If,, moreover, D is a subset 
of a separable metric space, then each open set can be decomposed into a union of a countable 
number of connected open sets, and a point z is sigularly robust to D if and only if there is a 
sequence {zt}, such that zk --~ z as k -+ co, which is contained in infinitely many connected 
components of int D. 
The structure of an open connected set in R1 is quite simple; it is just an open interval (a, b). 
Thus, the open set int D on R 1 can be decomposed into a union of a countable number of open 
intervals. A point z, which is robust to a set D, is regular if there is a neighborhood (z - 8, z + 8) 
such that it intersects at most two component intervals of int D. 
PROPOSITION 2.2. Let D be a robust set on ~1. A point z E cl D is singularly robust to D h ¢ 
and only ff there is a sequence of component intervals ((a,~, bn)} of int  D such that a,~ ~ z and 
bn -.~ z as n ...+ eo. 
REMARK 2.1. Suppose z is singularly robust to D on R1; then there is an infinite number of 
((an,b,~)} on one side of the point z with the property mentioned in Proposition 2.2. Thus, we 
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can take the sequence in such a way that bn > an > bn+l > an+l > z, n = 1 ,2 , . . . ,  (in the 
case that there is an infinite number of intervals of the sequence on the right hand side of the 
point z) or an < bn < an+l < bn+l < z, n - 1, 2 , . . . ,  (in the left side case). Moreover, we have 
[bn, an+l] N D e ~ 0, n - 1, 2 , . . . ,  (in the left side case) or [bn+l, an] N D c ~ 0, n - 1, 2 , . . . ,  (in 
the right side case); here D c - IR 1 \ D, the complement of D in R 1. 
REMARK 2.2. Suppose z is singularly robust to a set D on R 1 and there is a sequence of 
components {(an,bn)} of int D on the left side of the point z, such that an ~ z and bn ~ z 
as -+ co. Then the set ( -co,  z] fl D is robust. Indeed, each point of ( -co,  z) N D is a robust 
point of the set. We need only to prove that the point z is robust to the set D. Take a sequence 
of points Yn E (an,bn), n - 1,. . .  These points are in ( -co,  z ) f l in t  D - in t ( ( - co ,  z )ND) ,  and 
Yn --~ z. It follows by Proposition 2.1 that z is robust to D. In this case, we say that z is 
singularly robust to D on the left. 
REMARK 2.3. If z is singularly robust to a family of sets Da on the real line I~ 1 and the number 
of sets in the family is greater than three, then the point is singularly robust to more than one 
set on one side (on the left or right side). 
co 1 1 EXAMPLE 2.1. The union of open intervals Do - Un=I(~'Tf, w) is open; so, it is robust. Each 
point of Do is a regular obust point. Let D -- Do O {0}, then, it is also robust. The point 0 is a 
singular obust point of D. 
The existence of singular obustness makes the structure of a robust set more complicated. We 
will examine singularity in robust analysis further in the next sections. 
A reai-valued function f on X is said to be robust on a robust subset D if for each real 
number c, the set 
F¢ = {z 6 D If(z) < c} (6) 
is robust. An  upper semicontinuous function on D is robust. Indeed, for each c, the set Fe = 
D fl {z I f(z) < c} is a robust set since it is an intersection of a robust set and an open set. A 
probabilistic distribution function on R" is also an example of robust function. If f~, a 6 A is a 
family of robust functions, then infae^ fa(z) is still robust. 
Note that we introduced the concept of robust function for a minimization problem. If one 
considers a maximization problem, it requires - f  to be a robust function. Or, it is equivalent 
that for each real number c the set 
Ge = {x E D If(x) > c} (7) 
is robust. For a function f, if both f and - f  are robust, then it is called a hi-robust function. 
A function f is said to be robust at (or, by) a point z E X if z EFc  implies that z is a robust 
point of Fe (or, if there is a neighborhood N(z) of z such that N(z) N Fe is a robust set). A 
fuction f is robust if and only if f is robust at (or, by) each and every point of X. 
PROPOSITION 2.3. Suppose D is a robust set in s topological space X .  Then the function 
1, i f zEX\D,  
f (x ) - -  O, if rED,  
is robust on X. 
PROOF. For each real number c, we have 
X, 
F¢ - {z ~ X I f (x )  < c} : D, 
0, 
i f l<c< co, 
ifO < c_< 1, 
c_<0. 
Since X, D and 0 are robust, so f is a robust function. 
Suppose f is a bounded robust function on X, [f(z)[ < M, Yz  E X, where M is a constant. 
Divide the interval [-M, M] equally into n = 2 k subintervals, and let the points of division be 
-M  ~- Co < Cl < . . .  < cn = M.  
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Let, for a given i, 
if  X\Fo,, 
Ci, if z ~ F¢i. 
Since the set Fc, = {z ~ X [ f ( z )  < c~) is robust, we can prove, similarly to Proposition 2.3, 
that f~ is a robust function on X. Let 
= minU l (=) ,  
Then gn is also a robust function on X. It has constant values ci on each set F¢, \ Fe,_~, i = 
1, 2 , . . . ,  n, i.e., gn is a robust "step" function and takes only n different function values. For each 
point z E X ,  there are ci and Ci+l such that ci <_ f ( z )  < Ci+l. It implies that z E Fc~+~, but 
z ~ Fc~. Thus, z E Fc~+~ \ Fc,, and then 9n(z) = Ci+l. Hence, 
1 
[g . ( z )  - f(z)[ _< ci+1 - ci = ~-. 
Therefore, as n = 2 k --~ oo, gn(z) converges to f ( z )  uniformly. We then have proved the following 
proposition. 
PROPOSITION 2.4. A bounded robust function on a topological space is the lirrdt of a uniformly 
convergent sequence of robust step functions. 
3. CLASSIF ICATION OF DISCONTINUIT IES 
In analysis, discontinuities of a function on RI are classified as those of first and second kind; 
but this leaves no idea about how to classify discontinuities for a function in R". For instance, 
the function 
I l, if z > O, 
f ( z ,y )= O, i f z~O,  (8) 
is discontinuous on the line z = 0 in R2. One can accept he idea that f has a discontinuity of first 
kind at each point on this line. However, it is easy to find a sequence {(z,, ya)} converging to, say, 
the point (0,0), and such that the limit of the sequence {f(zn, y,)} does not exist. Utilizing the 
classification of robust points of a robust set, we shall try to classify discontinuities of a bi-robust 
function. We start with proving a characterization f discontinuities of a bi-robust function on 
the real line. 
THEOREM 3.1. Suppose that f is a hi-robust function on R 1. Then f has a discontinuity of 
second kind at a point z0 if and only if there is a rea/number c and a positive number ?, such 
that z0 E Fe-e (or Gc+~) and the point zo is a singular robust point of Fc-~ (or Gc+e) for a/l 
0<e<~.  
PROOF. Sufficiency. Suppose the point z0 is a singular robust point of Ft. Let {In - 
(a,,bn), n = 1,2,. . .} be a sequence of component intervals within int F¢ such that an ---* z0 
and bn ~ z0 as n --* co, and [bn, an+l] N (Fc) ¢ ~ 0 (we consider the case that there is a se- 
quence of components of int Fc on the left hand side of the point z0, see Remarks 2.1 and 2.2, 
i.e., we can assume that an <: z0 and bn < z0 for n = 1 ,2 , . . .  Take points zn E [bn,an+l] 
such that zn E (Fc) c, n = 1,2, . . .  We have zn --* z0 and f(zn) >__ e, n : 1,2, . . .  Hence, 
limsup=_.~o_ 0 f (z)  _> c. 
On the other hand, z0 EFc  implies f(z0) < c. Let e - min(~2, ~ [c -  f(z0)]) > 0. We still 
have z0 E Fc-~, and z0 is s robust point of Fc-~ either. Without loss of generality, we can 
take e > 0 such that ( -o r ,  z0) N int Fc_~ ~ ~ (see Remarks 2.2 and 2.3). Thus, for 6n t 0, 
(z0 - 6n, z0] N int Fc-~ ~ 0. Taking yn 6 (zo - ~n, z0], we have f(Yn) < c - ~ and y,  ---, zo. 
Thus, l iminf f (z )  < c - e. We have proved 
~,,_~pO~ 0 
' l iminf f (z )  <~ c -  ¢ <: c < ]imsup f(z) .  (9) 
• ' - '¢ 'ZO - -  0 ~ ~ ~-"*~0 ~0 
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The left limit of f at z0 does not exist. Therefore, f has a discontinuity of the second kind at 
the point z0. 
Necessity. Since f has a discontinuity of the second kind at z0, one of the following inequalities 
holds: 
l iminf f (z)  < limsup f (z)  or l iminf f (z )  < limsup f(z) .  (10) 
~"-~¢o--0 ¢'--'¢o --0 ~"'~xo+O ¢ '*¢o+0 
Say, liminf=_.=o_0 f (z)  = a < 8 = limsup=-.,o-0 f(z) .  Take ½ ~/= (8 - a) and a real number e 
such that a < c - y/< c + t /<  8. Let cl E (c - ~/, c + I?) and cl ~ f(z0). Thus, either z0 E Fcl, 
or z0 E G~I. Say, z0 E F~I. 
We now prove that the point z0 is singularly robust to Fq.  First, we prove that for each 
6 > 0, (z0 -6 ,  z0)n  int Fc~ ¢ ~. Indeed, since liminfx-.xo-0 f (z)  -- a, there is a sequence {zk}, 
zk < z0, zk --, z0 and f(zk)- -*  a, ask - - *  oo. Thus, zk E ( z0 -6 ,z0)  andf (zk )  < c+r /  
< Cl, when k is large enough. These mean that (z0 - 6, z0) is a neighborhood of zk and zk E Fc~. 
The robustness of f implies that (z0 - 6, z0) n in t  Fct ¢ 0. 
We next prove that z0 ~ int Fcx. Suppose z0 E int F¢~, then there is a neighborhood N(z0) 
of z0 such that N(z0) C int Fc~. However, from limsupz_.=o_ 0 f (z)  - 8 > c + y, one can find a 
sequence which converges to z0 and the function values at these points are greater than Cl, thus, 
z0 ~ int Fez. Let ( -oo,  z0) N int Fcl = U~°°_- 1 I i .  
Now suppose, on the contrary, that z0 is a regular obust point. Then, when 6 is small enough, 
the interval (z0 - 6, z0), eventually, can only have a nonempty intersection with only one open 
interval of {Ii}, say, it is Iio -- (a, b). The right end point b cannot be greater than z0 since (a, b) C 
(-c~, z0); b cannot be smaller than zo since the intersection (z0 - 6, z0) N int Fc~ would then be 
empty when 6 is small enough. Thus, b - z0, i.e., we have an interval (a, z0) C int Fc~. It follows 
from limsup=_.~o_ 0 f ( z )  = 8 that there exists a sequence {y,} such that y, < z0, y, --* z0, 
and f(Yk) >_ c + ~1, for k _> n~, where nt is a large positive integer. However, yk E (zo - 6, z0), 
so y~ ~ int Fc~ C Fc~ when k is large enough. This contradicts f(Yk) > c + 71. Therefore, z0 is a 
singular obust point of Fc~. | 
COROLLARY. Suppose f is hi-robust on ]~1. I f  for each tea/number e, each point of sets Fc 
and Gc is a regular obust point, then f is continuous or has a discontinuity of t~rst kind. 
Remark 3.1. It is possible that even though for some real number c, xo E Fc and zo is a singular 
robust point of Fc, this point z0 is still a point of discontinuity of first kind of f .  Let 
( ' 
f(z) -- --x, x E U,°°__ 1 1 1 2.+1 J 2n-+2 ' 
z - l ,  z E [0, oo). 
The function is bi-robust. Each point of ]g 1 is a point of continuity or of discontinuity of first 
kind. Take z0 = 0 and c = 0. Since f(0) = -1  < c = 0, so z0 E Ft. However, 
Fc=[0 'o° )uU 2n+l '  2n+2 " 
n----1 
The point z0 - 0 is singularly robust to Ft. 
Motivated by the above results, we now classify discontinuities of a bi-robust function as follows. 
DEFINITION 3.1. Suppose f is a bi-robust function on a topological space X and discontinuous 
at a point z0 E X. If there.are a real number c and a positive number T/such that z0 E Fc-~ 
(or Gc+~), and zo is a singular obust point of Fe-~ (or Gc+~) for all 0 _< e < ~ then zo is said to 
be a point of discontinuity of the second kind. If a point of discontinuity of f is not of the second 
kind, then it is a point of discontinuity of the first kind. 
With the above definition, each point of discontinuity of the function (8) is of the first kind. 
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4. SETS OF CONTINUITY AND DISCONTINUITY OF A ROBUST FUNCTION 
Suppose f is a real function on R1, then the set of points of discontinuity of f may be R 1 itself, 
or a set dense in R 1, or a finite number of isolated points. However, if f is a robust function, 
then the set of points of discontinuity (or continuity) of f has a special structure. The following 
theorem tells us that the set of points of discontinuity of a robust function on a complete metric 
space has an empty interior. 
Theorem 4.1. Suppose ( X, d) is a complete metric space, f a bounded robust function on X,  and 
Dr the set of points of discontinuity o f f .  Then 
int Dr = 0. (11) 
PItOOF. Suppose, on the contrary, that int Dr ~ 0; then there is a nonempty ball B1 = {z I 
d(x, xl) < rx} such that B1 C int Dr. Let c] = inf, es I f(z), then c~ is finite. Take a real 
number cl > c~, then the set Fe, ~ B1 f3{x E X [ f(z)  < cl} is robust, since it is an intersection 
of an open set and a robust set. Moreover, by the definition of c] and cx > c~, we also have 
Fez ~ 0. Thus, int Fct ~ 0, and there is a nonempty ball B2 = {z I d(z, z2) < r2} such 
that B2 C intFct C Fc, C Bx. The ball B2 can be taken such that /}2 = {z I d(z,z~) < 
r2} C int Fc, C B1. Let c~ = infzeB2 f(x), then c~ _< c~ < cl. Take c2 = ½ (cl + c~) and let 
& 
Fc2 B2 f3 {z E X I f(x) < c2}. Since c2 > c~, so F¢ 2 is a nonempty robust set and int Fc2 ~ ~, 
etc. In general, from int Fcs ~ ~, we can take a nonempty ball Bt+: = {z I d(z, xt+x) < rt+x} 
such that Bt+x C int Fc~ and/}t+l = {z I d(x,Zt+l) < rt+l} C Bt. Let 
C~.}. 1 = inf f(z). (12) 
z~B~+t  
Since Bt+l C Bt, so c~ _< el+ 1. Moreover, for each z ~ Bt+: C int Fc~ C Fc~, we have f(z) < ct, 
thus, c]+ 1 < ck. Take 
Ck+l  "- 
With  the above procedure, we obtain a 
Furthermore, we have, 
1 
Ck+l -- C;.0. 2 --~ ~ (Ok 
1 < 
_ . . .<  
1 
(ck + c~+x ), (< ck). (13) 
decreasing sequence {ct} and an increasing sequence {el}. 
Thus, the limits of both of {ct} and {c7,} 
lim c~ = 6= lim ct. 
k-*oo k--*oo 
As a by-product, we also obtain a sequence of balls, {Bt}, such that 
/~t+l C Bk, k = 1 ,2 , . . .  
+ c +i) - 
1 
+ c ;+ i )  - c ;+i  = (ck - e l+x)  
 (ex - o, as oo. k 
exist and are equal. 
(14) 
(15) 
k----1 
then, from completeness of the space X, we have ~) l~ 0 (see [12,13]). Take a point ~ E ~) C 
int Dr, thus, 
C~.bl ___~ f (Z )  < Ck, If -- 1, 2,... 
On the ball Bk+l, we have 
Let 
/} :  A /}k ,  
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Letting k ~ co, we obtain that 
= 
We are now going to prove that f would be continuous at the point ~. Let {zn} be a sequence 
converging to ~. For each k, we have ~ E Bk, thus, there is an integer N such that z, E Bk+x as 
n > N. It implies, from (16), that 
C~.l. 1 <: f(Zn) <: Ck, Vn ~> N. 
Letting n ---. co first, we take upper and lower limits, 
c~+ 1_~ l im~f  f(zn) _< limsup f(zn) < ct. 
N.=~OO 
We then let k ---, oo and obtain, from (14), 
<_ l 'nn~ff(zn) < limsup f(zn) _< ~. 
n--d. OO 
These imply that the limit of the sequence {f(zn)} exists and 
lim f ( z , )  -- ~ -- f(~) 
~-=*CO 
for each given sequence {zn} converging to ~, i.e., f is continuous at ~. However, ~ E/~ C B1 C 
int Dr C Dr, which contradicts the definition of Dr. Hence, we have proved that int Dr - 0. | 
REMARK 4.1. We know that the Dirichlet function 
I I, if z is irrational, 
D(x) = O, if z is rational, 
is discontinuous everywhere. Theorem 4.1 tells us that this situation would not happen for a 
robust function. 
The following theorem confirms that the set Dr of points of discontinuity of a robust function 
is, moreover, of first category. Recall that a set in a metric space X is said to be of first category 
if it can be represented as a countable union of nowhere dense sets. A subset of X that cannot 
be so represented is said to be of second category. 
THEOREM 4.2. Suppose f is a bounded robust function on a complete metric space; then the 
set Dr of its points of discontinuity is o[ first category. 
PROOF. We know that the set Dr of points of discontinuity of a function f is a Fq-type set, i.e., 
there is a sequence {Fn} of closed sets such that 
oo  
Dr= UF . ,  
n=l  
see [4, p. 31] From Theorem 4.1, we have int Dr = 0. Thus, int Fn C int Dr = 0, n = 1,2, . . .  It 
implies that cl int Fn = 0, n = 1,2, . . . ,  i.e, each set Fn is a nowhere dense set. Hence, we have 
proved that Dr is a union of countable nowhere dense sets; it is, then, of first category. | 
The set of points of discontinuity ofa function f is of first category if and only if f is continuous 
at a dense set of points (see [4]); thus, we have the following corollary. 
COROLLARY 1. Suppose f is a bounded robust function defined on a complete metric space X; 
then the set Cr o[ points of continuity o f f  is dense in X. 
REMARK 4.2. The set of points of continuity of a function may consist of a finite number of 
isolated points in a finite interval. For example, let 
I [ z ] ,  i fx  is irrational, 
f (z)  -- 0, if z is rational. 
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This function has a unique point z = 0 of continuity which is isolated. From Corollary 1, this 
never happens for a robust function. 
COROLLARY 2. The set of points of continuity of a bounded robust function on a complete metric 
space is of second category. 
I~MAgK 4.3. We cannot imply from the above theorems that the interior of the set of points 
of continuity of a bounded robust function is nonempty. In fact, the interiors of both sets of 
points of continuity and discontinuity may be empty. Let X = (0, 1) and consider the Riemann 
function: 
~, if z = ~ is a rational number in the irreducible form, 
R(z) = 0, if z is an irrational number. 
We know that the set of points of continuity of R is the set of irrational numbers and that of 
discontinuity is the set of rational numbers in (0,1). Both of them are dense in X and their 
interiors are empty. It remains to prove that the Pdemann function is robust. Indeed, for each 
given c > 0, the set F~ = {z E (0, 1) [ f (z )  < c} consists of all of the points in (0,1) except a 
finite number of rational points where l ip >_ c. Indeed, for a fixed c > 0, the number of positive 
integers p such that p < 1/c is finite; and for a fixed integer p, the number of rational numbers 
in the irreducible form q/p q. (0, 1) is less than p. Thus, the set F~ is a union of a finite number 
of intervals and it is robust. If c _< 0, then F~ is an empty set, which is also robust. This proves 
that the Pdemann function R(z) is robust. 
5. MEASURABIL ITY  OF ROBUST SETS AND FUNCTIONS 
In the last section we have proved that the set of points of discontinuity of a robust function is 
of the first category, and that of continuity is of the second category. It seems, at first glance, that 
D, is "smaller" than Cr. In this section, we first give an example of a robust function on [0,1] 
for which the Lebesgue measure of Dr approaches 1.
To do this, we introduce two kind of robust sets on the real line R 1. Suppose that a < b and 
let 
Bo(a, b) = a + ~- -~,a  + (17) 
k---1 
and 
~ ( b -a ,b  b -a )  Bl(a,b) = U b -~ k"+ T " (18) 
k--1 
The sets Bo(a, b) and Bl(a, b) are unions of open intervals; they are robust on R 1. Let Do = 
Bo(a,b) U {a} and D,(a,b) = Bl(a,b)U {b}, then Do and D, are also robust. Indeed, int Do = 
Bo(a, b) and int D1 = Bl(a,b). The intersection of int Do and each neighborhood (a -  6,a + 6) 
of the point a is nonempty..Thus, a is a robust point of Do, so Do is robust. Similarly, D1 is 
robust. The points a and b are singular obust points of Do and D1, respectively. Utilizing such 
Bo-B1 type sets, we can construct robust sets and functions with unusual properties. 
Let a be given, 0 < a < 1; we construct a robust set on [0,1] such that the Lebesgue measure 
of its set of singular obust points is a and a can be close to 1. 
Let A0 = [0,1] and ~ = (1 - a)/(3 - 2a). Let A1 be the set obtained from A0 by deleting 
an interval centered at the middle of A0 with a lenghth ~. A1 consists of 2 closed intervals. 
Let A2 be the set obtained from A1 by deleting two open intervals centered at the middle of each 
closed interval of A1 with a length ~2. A2 consists of 2 2 closed intervals. This deleting process 
continues indefinitely. We denote by G the union of the intervals which were deleted and by Da 
the remaining set. G is an open set with the Lehesgue measure 
=l -a .  ~+2~ ~ + 2~- ~a = ~(1  + 2~ + (2~) ~ +...) = 1 - 2~ 
Thus, Da is a Lebesgue measurable set with the Lebesgue measure a. The set Da is a nowhere 
dense set. When a = O, one has/~ = ½ and Da is the Cantor set. However, since int Da = 0, so 
it is nonrobust. 
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In the above process, after deleting each open interval, we add two Bo-B1 type sets. For 
( , instance, after deleting the open interval ½ - ~, ~ 4- from A0, we add sets B0 ~ - 2, 
and BI (½, ½ 4- ~).  In general, after deleting 2 ' -1 open intervals of the form (p - ~P~-,p 4- 2 ~-) 
from A,- I ,  we add two sets Bo (p -  ~ ,p)  and B1 (p,p + ~'2), where p is the middle of such 
deleted open interval. We denote by B the union of these Bo-BI type sets. Each Bo-B1 type set 
is a union of countably many open intervals. Thus, the set B is also open. Let 
D = Do V B. (19) 
We have int D = B; each point of B is a robust point of D. Furthermore, if z E Da, then 
the intersection of each neighborhood (z - 6, z + 6) of z with G - [0, 1] \ Da is nonempty; also 
nonempty is B -- int D. Hence, z is also a robust point of D. These imply that D is a robust 
set. Note that each point in Da is a singular robust point of D. We have proved the following 
theorem. 
THEOREM 5.1. There is a robust set D = Da U B in the interval [0,1.1, where B is open and Da 
is nowhere dense set. Each point of D~ is a singular obust point o lD.  The Lebesgue measure 
of the set D is a which can be dose to 1. 
Let 
f ( z ) - - (  0,1, forzeDa.f°rzeG=[0'l]\Da' 
Since G is open, it follows from Proposition 2.3 that f is a robust function; and in fact, f is con- 
tinuous at each point of G. For each point z E Da, the intersection of G and each neighborhood 
(z -  ~f, z + 8) of z are nonempty; the function value at each point of the intersection is zero. Thus, 
f is discontinuous at z E Da (with a discontinuity of second kind, by Theorem 3.1); this proves 
the following result. 
THEOREM 5.2. There is a robust function on the interval [0,I] such that the Lebesgue measure 
of its set of points of discontinuity approaches 1. 
In the construction of D, D = Da LI B, the Lebesgue measure of Da is a; we can take it 
to be positive. We know that each set with a positive Lebesgue measure contains a Lebesgue 
nonmeasurable subset. Denote by Dp the Lebesgue nonmeasurable subset of D~. Then the set 
Dp tJ B is also a robust set. Indeed, we have int (D r U B) = B and each point of B is an 
interior point of D r t.J B, so such point is a robust one of Dp t.J B. Furthermore, let z E Dr; the 
intersection of int (Dp U B) = B with each neighborhood (z - 8, z + 8) is nonempty, thus, z is 
also a robust point of Dp t.J B. Hence, D r U B is a robust set. However, the set Dp U B is a 
Lebesgue nonmeasurable s t since B is Lebesgue measurable, D r is Lebesgue nonmeasurable and 
Dp N B = 0. Thus, we have the following theorem. 
THEOREM 5.3. There is a Lebesgue nonmeasurable robust subset in the interval [0,1]. 
Utilizing the above theorem, we can construct a Lebesgue nonmeasurable robust function as 
follows. Let 
1, if z E [0,1] \ (D rUB) ,  
/ (z)= 0, ifz DruB. (20) 
Since D r U B is a robust set, it follows from Proposition 2.3 that f is a robust function. 
However, if we take 0 < e _< 1, the set 
Fc - '{zE[0 ,1 ] l f ( z )<c}-D r t.J s 
is Lebesgue nonmeasurable. Thus, function (20) is Lebesgue nonmeasurable which implies the 
next theorem. 
THEOREM 5.4. There is a Lebesgue nonmeasurable robust function on the interval [0,1]. 
ss Q. Za~sa 
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